Abstract. Let (M; g) be a n-dimensional smooth Riemannian manifold. In the present paper, we introduce a new class of natural metrics denoted by G f and called the vertical rescaled metric on the tangent bundle T M . We calculate its Levi-Civita connection and Riemannian curvature tensor. We study the geometry of (T M; G f ) and several important results are obtained on curvature, Einstein structure, scalar and sectional curvatures.
Introduction
In di¤erential geometry, the tangent bundle T M have a great importance in smooth manifold M and in many areas of mathematics and physics. The metric g on M gives rise to several natural metrics on the tangent bundle.
In [17] , Sasaki introduced a metric g s on T M based on a natural splitting of the tangent bundle T T M into vertical and horizontal subbundles by means of the Levi-Civita connection r on (M; g); but in most cases the study of some geometric properties of the tangent bundle endowed with this metric led to the ‡atness of the base manifold (see [10] , [11] and [13] ).
Cheeger-Gromoll in [6] introduced a natural metric on T M which it was expressed more explicitly in [13] and its geometry are studied in ( [9] , [10] , [18] and [23] ). The authors in ( [1] , [2] and [3] ) de…ned and studied the g-natural metric on T M:
Zayatuev in [21] introduced a Riemannian metric on T M; given by
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for all vector …elds X and Y on (M; g), where f is strictly positive smooth function on (M; g). In [19] , J.Wang and Y. Wang called s g f the rescaled Sasaki metric and studied the geometry of T M endowed with s g f . Motivated by the above studies, we de…ne a new class of naturally metric on T M; given by
for some strictly positive smooth function f in (M; g) and any vector …elds X and Y on M . For f 1, the metric G f is exactly the Sasaki metric. We call G f the vertical rescaled metric. This paper is presented as follow, In the section 2, we lay the basis for this work about basic notions and de…nitions of horizontal and vertical lifts. In the section 3, we introduce by the De…nition 2 a new class of natural metrics denoted by G f and called the vertical rescaled metric on T M . Its Levi-Civita and the curvature tensor are given in the Propositions 3 and 4; respectively. Finally, the section 4 is devoted to the geometry of T M endowed with the metric G f and obtain several important geometry consequences on curvature properties, Einstein structure, sectional curvature and scalar Curvature.
Preliminaries
Let (M; g) be a n-dimensional pseudo-Riemannian manifold and r be the LeviCivita connection. We denote the natural projection of T M to M by ( ) = (p; u) = p. The tangent space TpT M of T M at = (p; u) 2 T M; splits into the horizontal and vertical subspaces H and V with respect to r;
For a vector …eld X on M , the horizontal lift of X to a point p in T M is the unique vector X h 2 H given by
and the vertical lift of X to is the unique vector X v 2 V such that
for all smooth functions f on M . For each system of local coordinates (x i ) i=1;::;n in M , one de…nes, in the standard way, the system of local coordinates (x i ; u j ) i;j=1;::;n in T M . Let X = X i @ @xi be a local vector …elds on M , the vertical and the horizontal lifts of X are de…ned by The map X ! X h is an isomorphism between the vector spaces T p M and H (p;u) . Similarly, the map X ! X v is an isomorphism between T p M and V (p;u) (for more details see [7] , [11] , [13] and [16] ). Each tangent vectorX 2 T (p;u) (T M ) can be written in the formX
where X; Y 2 X (M ) are uniquely determined vectors. The Lie bracket of vertical and horizontal vector …elds on T M is given by the following proposition.
Proposition 1. Let (M; g) be a pseudo-Riemannian manifold, r be a Levi-Civita connection and R be a curvature tensor. Then the Lie bracket on the tangent bundle T M satis…es the following identities:
Vertical rescaled metric
In this section, we de…ne a new class of a natural metric on the tangent bundle called the vertical rescaled metric and denoted by G f where f is some a strictly positive smooth function in M . We calculate its Levi-Civita connection r f and its Riemannian curvature tensor R f .
De…nition 1. Let (M; g) be a Riemannian manifold and f be a strictly positive smooth function. We de…ne the vertical rescaled metric G f on the tangent bundle T M by 8 > < > :
for all vector …elds X; Y 2 X(M ) and = (p; u) 2 T M:
The vertical rescaled metric is contained in the class of g-natural metrics, for f = 1, it follows that G f = g s . The metric G f is constructed in such a way that the vertical and horizontal sub-bundles are orthogonal and the bundle map
is Riemannian submersion and induces a norm on each tangent space of T M denoted by k:k :
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Proposition 2. Let (M; g) be a n-dimensional Riemannian manifold and r f be a Levi-Civita connection of (T M; G f ). Then, we have
Proof. Using the Koszul formula for r
for all vector …elds X; Y; Z 2 C 1 (T M ) and i; j; k 2 fh; vg, the Proposition 1 and the De…nition 2, then we have for (ii)
It's simylar and easy for (i) and (iii).
3.2.
Riemannian curvature tensor of G f .
Proposition 3. Let R (resp. R f ) be a Riemannian curvature tensor of (M; g) (resp. (T M; G f )). Then, the following formulas hold
for all X; Y; Z 2 X(M ).
4. Geometric consequences of (T M; G f )
Let (M; g) be a n-dimensional Riemannian manifold and T M be its tangent bundle endowed with the vertical rescaled metric G f where f is strictly positive smooth function in (M; g). r f and R f are the Levi-Civita connection and the Riemannian curvature tensor, respectively, of (T M; G f ):
4.1. Curvature properties. 
is the Hessian of f:
). If we assume that u = 0 in the Proposition 3 , we deduce
for all p 2 M and all X; Y; Z 2 X(M ): Then R 0: 2/ From the Proposition 3-(4 and 1), we have 
Using the Proposition 3 and the Eq.(4.1), we have
Moreover, for all X and Y 2 X(M ); 2/ If k rf k= 0 with rf 6 = 0; then, (M; g) is Ricci-Flat. 3/ If k rf k6 = 0; then,
Proof. We suppose that
we obtain
when the function f satisfy the PDE
In this case, if we take u = 0 in the Eq.(4.4), we obtain the equation
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2/ If k rf k= 0; we obtain = 0; then (M; g) is Ricci- ‡at.
3/ If k rf k6 = 0; we obtain 6 = 0; then f (p) = (n 1) 4 k rf k 2 :
4.3. Sectional curvature. The sectional curvatures of the tangent bundle (T M; G f ) is given by
spanned by the two orthonormal tangent vectors X i ; Y j 2 T (p;u) T M and i; j = fh; vg:
Proof. Using the Proposition 3 and the Eq.(4.5), we can calculate
For (3), the sectional curvature for a plane spanned by two vertical vectors vanishes, then
Corollary 1. Let (M; g) be a n-dimensional Riemannian manifold of constant sectional curvature . Then
Proof. Using the Proposition 5 and taking account that for a Riemannian manifold of constant sectional curvature ; its Riemannian curvature R is
we can immediately get the result of corollary.
is Riemannian manifold of constant sectional curvature f ; then (M; g) is Riemannian manifold of negative constant sectional curvature with
Proof. If f is constant, From the Proposition 3 and the Eq.(4.6), we have
and from the Proposition 3-(6), we obtain
after comparison and using the isomorphism between the vector space T p M and H (p;0) , we have
Similarly, we calculate
and using the Proposition 3-(1), we get
By comparison, we obtain
4.4. Scalar curvature.
Proposition 7. Let S (resp. S f ) be a scalar curvature of (M; g) (resp. (T M; G f )). Then jR(X i ; X j )uj
where fX 1 ; :::; X n g is a local orthonormal frame of (T M; G f ) and is the Laplacian of f . (K(X i ; X j ) 3 4 f (p) kR(X i ; X j )uk
In order to simplify this last expression, we put u = 
